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Fracciones continuas y sus convergentes
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para una notacion mas amigable se usa A = [ag; a1, a2, - , ap|
Si k € NN 0, n], el k-convergente de A es

1

31+—1 = [a0; a1, a2, -, ak]

Ck = ag +

- 1
'3k71+§



Teorema 15.2

SiA=lag;a1, -+ ,an €Q, pp=ag,pr =a1a0+1,90=1,q1=ary
Pk = akPk—1 + Pk—2 Y Gk = akqk—1 + qk—2

Vk e NN[2,n] =
Ce =Pk vk e NN, n
Ak
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resta de convergentes

Cht1 — Ck = -

. 1 . 1
cak—1t——1— 'akflJFj
ak+ak+1 k

C, = Pit1  Pr _ P19k — PkGrt1
Ak+1 Ak qk+19k

Cry1 —



Teorema 15.3

Prt1Gk — PkGk+1 = (—1)K, Yk e NN [0,n — 1]

Demostracion.

Induccion sobre k
Sik=0=

p1Go — pog1 = (a1a0 + 1)1 — aga; = 1 = 1°
si para k = @, pa+19a — Pafa+1l = (_1)a =
Pa+2Ga+1 — Pat+19a+2 = (3a+2Pa+1 + Pa)dat+1 — Pa+1(3a+29at+1 + Ga) =

= 30+2(Pat1Gat1 — Pat+1Ga+1) + PaGa+1 — Pat1da = —(—1)* = (=1)**

Ol

v

(=D*

Ak+19k
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corolario

MCD(pk, qx) = 1,Vk e NN [1, n

Demostracidn.

MCD(pk, qk)| Pk, Gk = MCD(px, k)| px+1Gk — Prqrr1 = (—1)k
S0< MCD(pk, qk) =1 []

C, = % son fracciones reducidas



Consideremos [0;1,1,--- ,1]
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ejemplo fibonacci

notemos que pp =0,p1 =1%04+1=1,pp=1%x1+0=1,

Pk = 1% px_1+ pk—2 = pk—1+ Pk—2 = Pk = fk
analogamente qx = fxy11 =

fe1 — fufir2 = PGk — PrGk+1 = (1)



ejemplo diofantinas

ax + by = ¢, MCD(a, b) = d|c
pero como a/d, b/d,c/d € Z, MCD(a/d, b/d) = 1|(c/d) =

ax+ by = c,MCD(a,b) =1
= Ax,, Yo € Z 3 axo + byo = 1 = a(xoc) + b(yoc) = c =

ax+ by =1



ejemplo diofantinas

ax + by =1, MCD(a,b) =1
2=lao: a1, --an] =

Cn—]_ — pn—l Cn _ & _

a
an-1 ’ an b

como MCD(pp,qn) =1 = MCD(a,b) = p,=a,q, = b=
adn-1 — bpn—l = PnQn-1 — Pn—14n = (_1)n71

Si n es impar
aqn-1+ b(_pn—l) =1

Si n es par
a(—qn-1) + bpp—1 =1



ejemplo 172x + 20y = 1000

como MCD(172,20) = 4[1000 = 43x + 5y = 250 =

43x +5y =1
= MCD(43,5)
43= 8.5 +3  43/5= 8 +3/5
= 1.3 42 _ 5/3= 1 +2/3
- 1.2 41 3/2= 1 +1/2
2= 2.1 40 2/1= 2
43 1 1 1



43/5 =[8;1,1,2]

n=3 impar

po=8, p1=1%x8+1=9, pp=1%x9+8=17, p3 =43
=1, qg=1 ¢p=1x1+1=2, g3=5=

43(2) +5(—17) =86 — 85 = 1

43(500) + 5(—4250) = 43(2 % 250) + 5(—17 x 250) = 250
172(500) + 20(—4250) = 1000
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coportamiento de los convergentes

Co=8/1=8, C;=9/1=9,C =17/2=85, C3=43/5=8.6
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comportamiento de los convergentes

Cl=2+%43/5-8/1=92 C =9/1=09,
Ch=2%43/5-17/2 = 8.7, C3 — 43/5 = 8.6
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ejemplo 493/284

493 = 1.284 +209

284 = 1-209 +75

209= 2-75 +59
7= 1-59 416
5= 3-16 +11
6= 1-11 +5
11= 2x5 +1

5= 5.1

493 __ 1.
iﬁ—[1,1,2,1,3,1,2,51
po=1,p1 =2,p2=5,p3 =7,p4 =26, ps = 33, ps = 92, p7 = 493

g=1,q1=1,9g2=3,93=4,94 = 15,95 = 19,96 = 53, g7 = 284



5 7 26 33 92 493

C0_17C1_2)C2_§7C3_ZvC4_1757C5_57C6_§7C7_ﬁ

Co=1,60=16,Cs = 1.733, Cs = 1.7358, C; = 1.7359, G — 1.736,
C3=1.75,C =2

G =.7,C =.2,C5=.06,C, = .01, C; = .002, C; = .0009, C = .00006
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Lemma qx—1 < gk, Yk € NN [2,n]

Demostracion.
Sabemos por definicion que

Gk = akqk—1 + qk—2
donde ax, g2 €ZT = q_> > 0,2k > 1=

Gk = akqk—1 1+ qk—2 > akqGk—1+0 > 1qk—1 = qk—1

gg=a>1=qo



Teorema 15.4 G < C2k+2 < Czk/+3 < Czk/+1,Vk, k' ¢ N

G<G< - < CQLn/QJ < C2|‘n/2“_1 << G

Demostracion.

(_1)k+1 (_1)I<
Chv2 — Gk = (Cig2 — Cg1) + (Chy1 — G) = + =
Qk+2qk+1 Ak+19k

_ (=D (9ke2 — )
qk+29k+19k
por el lema anterior gx12 > gk y por definicion g; > 0 =
Sik es par (—1)K > 0= Cyyo > Ci
y si es impar (—1)k < 0 = Ck+2 < Cx

Ahora como Cy1 — G, = qk , analogamente,

Si k es par Cxi1 — Ck >0, 6k+1 > Cy impar>par

y si k es impar Cxy1 — Cx < 0, Crr1 < Ci par<impar

de culquier forma, el par es el menor []
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