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Fracciones continuas y sus convergentes

∀A ∈ Q∃a0 ∈ Z, {ai}n∈Z
+

i=1 ⊆ Z+ 3

A = a0 +
1

a1 + 1

. . .an−1+
1
an

para una notacion mas amigable se usa A = [a0; a1, a2, · · · , an]
Si k ∈ N ∩ [0, n], el k-convergente de A es

Ck = a0 +
1

a1 + 1

. . .ak−1+
1
ak

= [a0; a1, a2, · · · , ak ]



Teorema 15.2

Si A = [a0; a1, · · · , an] ∈ Q, p0 = a0, p1 = a1a0 + 1, q0 = 1, q1 = a1 y

pk = akpk−1 + pk−2 y qk = akqk−1 + qk−2

∀k ∈ N ∩ [2, n]⇒
Ck =

pk
qk
, ∀k ∈ N ∩ [0, n]
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resta de convergentes

Ck+1 − Ck =
1

a1 + 1

. . .ak−1+
1

ak+
1

ak+1

− 1

a1 + 1

. . .ak−1+
1
ak

Ck+1 − Ck =
Pk+1

qk+1
− pk

qk
=

pk+1qk − pkqk+1

qk+1qk



Teorema 15.3

pk+1qk − pkqk+1 = (−1)k , ∀k ∈ N ∩ [0, n − 1]

Demostración.

Induccion sobre k
Si k = 0⇒

p1q0 − p0q1 = (a1a0 + 1)1− a0a1 = 1 = 10

si para k = α, pα+1qα − pαqα+1 = (−1)α ⇒

pα+2qα+1 − pα+1qα+2 = (aα+2pα+1 + pα)qα+1 − pα+1(aα+2qα+1 + qα) =

= aα+2(pα+1qα+1− pα+1qα+1) + pαqα+1− pα+1qα = −(−1)α = (−1)α+1

∴ Ck+1 − Ck = (−1)k
qk+1qk



corolario

MCD(pk , qk) = 1,∀k ∈ N ∩ [1, n]

Demostración.

MCD(pk , qk)|pk , qk ⇒ MCD(pk , qk)|pk+1qk − pkqk+1 = (−1)k

∴ 0 < MCD(pk , qk) = 1

Ck = pk
qk

son fracciones reducidas



ejemplo

Consideremos [0; 1, 1, · · · , 1]

1

1 + 1

. . .1+ 1

1+ 1

1+ 1
1+1

=
1

1 + 1

. . .1+ 1

1+ 1

1+ 1
2

=
1

1 + 1

. . .1+ 1

1+ 1
2+1
2

=
1

1 + 1

. . .1+ 1

1+ 2
3

=

=
1

1 + 1

. . .1+ 1
3+2
3

=
1

1 + 1

. . .1+ 3
5

=
1

1 + 1

. . . 5+3
5

=
1

1 + 1

. . . 8
5

= · · ·



ejemplo fibonacci

notemos que p2 = 0, p1 = 1 ∗ 0 + 1 = 1, p2 = 1 ∗ 1 + 0 = 1,
pk = 1 ∗ pk−1 + pk−2 = pk−1 + pk−2 ⇒ pk = fk
analogamente qk = fk+1 ⇒

f 2k+1 − fk fk+2 = pk+1qk − pkqk+1 = (−1)k



ejemplo diofantinas

ax + by = c ,MCD(a, b) = d |c

pero como a/d , b/d , c/d ∈ Z,MCD(a/d , b/d) = 1|(c/d)⇒

ax + by = c,MCD(a, b) = 1

⇒ ∃xo , yo ∈ Z 3 ax0 + by0 = 1⇒ a(x0c) + b(y0c) = c ⇒

ax + by = 1



ejemplo diofantinas

ax + by = 1,MCD(a, b) = 1

a
b = [a0 : a1, · · · an]⇒

Cn−1 =
pn−1
qn−1

,Cn =
pn
qn

=
a

b

como MCD(pn, qn) = 1 = MCD(a, b)⇒ pn = a, qn = b ⇒

aqn−1 − bpn−1 = pnqn−1 − pn−1qn = (−1)n−1

Si n es impar
aqn−1 + b(−pn−1) = 1

Si n es par
a(−qn−1) + bpn−1 = 1



ejemplo 172x + 20y = 1000

como MCD(172, 20) = 4|1000⇒ 43x + 5y = 250⇒

43x + 5y = 1

⇒ MCD(43, 5)

43 = 8 · 5 +3
5 = 1 · 3 +2
3 = 1 · 2 +1
2 = 2 · 1 +0

⇒

43/5 = 8 +3/5
5/3 = 1 +2/3
3/2 = 1 +1/2
2/1 = 2

⇒ 43

5
= 8 +

1

5/3
= 8 +

1

1 + 1
3/2

= 8 +
1

1 + 1
1+ 1

2

= [8; 1, 1, 2]



ejemplo

43/5 = [8; 1, 1, 2]
n=3 impar
p0 = 8, p1 = 1 ∗ 8 + 1 = 9, p2 = 1 ∗ 9 + 8 = 17, p3 = 43
q0 = 1, q1 = 1, q2 = 1 ∗ 1 + 1 = 2, q3 = 5⇒

43(2) + 5(−17) = 86− 85 = 1

43(500) + 5(−4250) = 43(2 ∗ 250) + 5(−17 ∗ 250) = 250

172(500) + 20(−4250) = 1000
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coportamiento de los convergentes

C0 = 8/1 = 8, C1 = 9/1 = 9,C2 = 17/2 = 8.5, C3 = 43/5 = 8.6

−1 1 2 3 4

8

9

C0

C1

C2
C3

g



comportamiento de los convergentes

C ′0 = 2 ∗ 43/5− 8/1 = 9.2, C1 = 9/1 = 9,

C ′2 = 2 ∗ 43/5− 17/2 = 8.7, C3 = 43/5 = 8.6

−1 1 2 3 4

8

9

C ′0
C1

C ′2 C3

g



ejemplo 493/284

493 = 1 · 284 +209
284 = 1 · 209 +75
209 = 2 · 75 +59

75 = 1 · 59 +16
59 = 3 · 16 +11
16 = 1 · 11 +5
11 = 2 ∗ 5 +1

5 = 5 · 1

⇒ 493
284 = [1; 1, 2, 1, 3, 1, 2, 5]

p0 = 1, p1 = 2, p2 = 5, p3 = 7, p4 = 26, p5 = 33, p6 = 92, p7 = 493

q0 = 1, q1 = 1, q2 = 3, q3 = 4, q4 = 15, q5 = 19, q6 = 53, q7 = 284



ejemplo

C0 = 1,C1 = 2,C2 =
5

3
,C3 =

7

4
,C4 =

26

15
,C5 =

33

19
,C6 =

92

53
,C7 =

493

284
C0 = 1, c2 = 1.6,C4 = 1.733,C6 = 1.7358,C7 = 1.7359,C5 = 1.736,

C3 = 1.75,C1 = 2

C ′0 = .7,C ′1 = .2,C ′2 = .06,C ′3 = .01,C ′4 = .002,C ′5 = .0009,C ′6 = .00006



Lemma qk−1 < qk ,∀k ∈ N ∩ [2, n]

Demostración.

Sabemos por definicion que

qk = akqk−1 + qk−2

donde ak , qk−2 ∈ Z+ ⇒ qk−2 > 0, ak ≥ 1⇒

qk = akqk−1 + qk−2 > akqk−1 + 0 ≥ 1qk−1 = qk−1

q1 = a1 ≥ 1 = q0



Teorema 15.4 C2k < C2k+2 < C2k ′+3 < C2k ′+1,∀k , k ′ ∈ N

C0 < C2 < · · · < C2bn/2c < C2dn/2e−1 < · · · < C1

Demostración.

Ck+2 − Ck = (Ck+2 − Ck+1) + (Ck+1 − Ck) =
(−1)k+1

qk+2qk+1
+

(−1)k

qk+1qk
=

=
(−1)k(qk+2 − qk)

qk+2qk+1qk

por el lema anterior qk+2 > qk y por definicion qi > 0⇒
Si k es par (−1)k > 0⇒ Ck+2 > Ck

y si es impar (−1)k < 0⇒ Ck+2 < Ck

Ahora como Ck+1 − Ck = (−1)k
qk+1qk

, analogamente,
Si k es par Ck+1 − CK > 0,Ck+1 > Ck impar>par
y si k es impar Ck+1 − CK < 0,Ck+1 < Ck par<impar
de culquier forma, el par es el menor
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